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Abstract
We find a relationship between regular embeddings of G, an elementary abelian p-group of or-
der pn, into unipotent upper triangular matrices with entries in Fp and commutative dimension n
degree 2 polynomial formal groups with nilpotent upper triangular structure matrices. We classify
the latter when n = 3 up to linear isomorphism, and use that classification to determine the num-
ber of Hopf Galois structures on a Galois extension L/K of fields with Galois group G elementary
abelian of order p3. We also obtain a lower bound on the number of Hopf Galois structures on a
Galois extension L/K when the Galois group is elementary abelian of order pn.
 2004 Elsevier Inc. All rights reserved.
1. Hopf Galois structures
Let L be a Galois extension of K , fields, with finite Galois group G. Then L is an
H -Hopf Galois extension of K for H = KG, where KG acts on L via the natural action of
the Galois group G on L. Greither and Pareigis [12] showed that for many Galois groups G,
L is also an H -Hopf Galois extension of K for H a cocommutative K-Hopf algebra other
than KG. The Hopf algebras H that arise have the property that L⊗K H ≡ LΓ , the group
ring over L of a group Γ of the same cardinality as G. We call Γ the associated group
of H .
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tures on L correspond bijectively to equivalence classes of regular embeddings β :G →
Hol(Γ ) ⊂ Perm(Γ ). Here Perm(Γ ) is the group of permutations of the set Γ , and Hol(Γ )
is the normalizer of the left regular representation of Γ in Perm(Γ ). Then Hol(Γ ) is iso-
morphic to the semidirect product Γ  Aut(Γ ). A subgroup J of Hol(Γ ) is regular if
|J | = |Γ | and the projection map
π1 : Hol(Γ ) = Γ  Aut(Γ ) → Γ
maps J onto Γ . A homomorphism
β :G → Hol(Γ )
is a regular embedding if β is 1–1 and β(G) is a regular subgroup, that is, π1 maps β(G)
onto Γ . The equivalence relation on regular embeddings is by conjugation by elements of
Aut(Γ ): β ∼ β ′ if there exists γ in Aut(Γ ) so that for all σ in Γ , γβ(σ)γ−1 = β ′(σ ).
Thus the number e(G,Γ ) of H -Hopf Galois structures on L/K where the associated
group of H is Γ depends only on Γ and the Galois group G, and reduces to a purely
group-theoretic problem.
In his thesis [11], S. Featherstonhaugh showed that if G and Γ are finite abelian p-
groups and p is “large enough,” then regular embeddings of G into Hol(Γ ) occur only
when Γ ∼= G. In particular, this result holds if L/K is Galois with Galois group G = Znp,
an elementary abelian p-group and p > n. Thus to find Hopf Galois structures on L/K ,
we need to look at equivalence classes of regular embeddings of an elementary abelian
p-group G into its holomorph. That is the topic of this paper.
Prior to this work, only the cases where G is of order p or p2 were known. If G is cyclic
of order p, then there is only one regular embedding of G into Hol(G) up to equivalence,
represented by the right regular embedding, corresponding to the group ring KG [12]. If G
is elementary abelian of order p2, then there are, up to equivalence, p2 regular embeddings
of G into Hol(G) [1].
In this paper we show that there are p6 + p5 − p2 equivalence classes of regular em-
beddings when G is elementary abelian of order p3, and show that there are at least
pn(n−1)−1(p−1) equivalence classes of regular embeddings when G is elementary abelian
of order pn when n < p.
For other results on counting Hopf Galois structures on Galois extensions of fields, see
[5, Chapter 2] for 20th century work, and [3,4,6].
2. Polynomial formal groups
The memoir [7] studied polynomial formal groups, and in particular, commutative, de-
gree 2, dimension n polynomial formal groups. Such a formal group defined over K = Fp
is a vector of polynomials F(x, y) in Fp[x, y]n of degree 2, where
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

x1
x2
...
xn

 , y =


y1
y2
...
yn


such that
F
(
F(x, y), z
)= F (x,F (y, z))
F(x, y) = x + y (mod degree 2)
F (x, y) = F(y, x).
Then (see [10]), F(x, y) has the form
F(x, y) = x + y +
n∑
k=1
Akxyk,
where each Ak is in Mn(Fp) such that for all 1 i, j  n,
AiAj = AjAi and Aiεj = Ajεi,
where εi is the ith unit vector (. . . ,0,1,0, . . .)tr. This last equation says that the j th column
of Ai = the ith column of Aj .
Call the matrices A1, . . . ,An the structure matrices of F .
The best-known example of a polynomial formal group is the multiplicative formal
group
Gm(x, y)= x + y + xy.
Henceforth “polynomial formal group” means “commutative, degree 2 polynomial for-
mal group.”
If F , F ′ are dimension n polynomial formal groups, then F is linearly isomorphic to F ′
if there exists some P in GLn(Fp) with PF(x, y) = F ′(P x,Py).
In [9] and [8] we classified polynomial formal groups over the valuation ring R of a
local field K up to linear isomorphism in dimensions 1 and 2. The study of polynomial
formal groups of dimension n in [10] focused on generically split formal groups, those
polynomial formal groups F over R such that over K , F is linearly isomorphic to Gnm.
However, not all polynomial formal groups over K are linearly isomorphic to Gnm, as we
showed in dimension 2 in [8], and will see below.
3. Regular subgroups and regular embeddings
Throughout the rest of the paper, G = Znp, an elementary abelian p-group of rank n. We
view G as a vector space Fnp over the field Fp of p elements.
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π2 : Hol(G) → Aut(G) be the projection maps, we have that π2 is a homomorphism, but
π1 need not be. The subgroup J is regular iff π1 restricted to J is bijective.
If β :G → Hol(G) is an embedding, set β1 = π1β , β2 = π2β . Then β2 is a homomor-
phism, and β is a regular embedding iff β1 is bijective.
If β :G → Hol(G) is a regular embedding, then β(G) is a regular subgroup of Hol(G).
Conversely, if J is a regular subgroup of Hol(G), let β :G → J ⊂ Hol(G) be any isomor-
phism, then β is a regular embedding. Thus any regular subgroup gives rise to |Aut(G)|
regular embeddings.
To understand regular subgroups better, we begin with an observation of Featherston-
haugh [11].
Proposition 3.1. Hol(G) embeds in GLn+1(Fp).
Proof. Elements of Hol(G) have the form (v,A) where v is in G = Fnp and A in Aut(G) =
GLn(Fp). The embedding is
(v,A) →
(
A v
0 1
)
.
It is routine to check that the embedding is a homomorphism. 
Henceforth, we view Hol(G) as a subgroup of GLn+1(Fp) via the above embedding.
Let J be a regular subgroup of Hol(G). Then each v in Fnp corresponds to a unique
element (
A v
0 1
)
of J . Then we can define a group structure on Fnp induced from J by the projection map π1:
if we write
γ =
(
π2(γ ) π1(γ )
0 1
)
for all γ in J , we have(
π2(γ δ) π1(γ δ)
0 1
)
= γ δ =
(
π2(γ ) π1(γ )
0 1
)(
π2(δ) π1(δ)
0 1
)
and so π1(γ δ) = π1(γ )+ π2(γ )π1(δ). So we set
π1(γ ) ∗J π1(δ) = π1(γ )+ π2(γ )π1(δ).
Two regular subgroups J , J ′ of Hol(G) ⊂ GLn+1(Fp) are equivalent if there exists
some P in GLn(Fp) = Aut(G) so that PJP−1 = J ′. Two regular embeddings β,β ′
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Pβ(σ)P−1 = β ′(σ ). If J is a regular subgroup of Hol(G) and β :G → Hol(G) a regular
embedding with β(G) = J , then J is a p-group, hence π2(J ) is a p-subgroup of GLn(Fp),
hence we may find P in GLn(Fp) so that Pβ2(G)P−1 is in the p-Sylow subgroup Un of
GLn(Fp) consisting of upper triangular matrices of the form I + A where A is strictly
upper triangular. Then J is equivalent under conjugation by ( P 00 1 ) to a regular subgroup of
Un+1, and then β is equivalent by the same matrix to a regular embedding of G into Un+1.
Thus we may and shall assume henceforth that all regular subgroups of Hol(G) are
contained in Un+1, and regular embeddings of G into Hol(G) map G into Un+1. Then a
typical element of J has the form
γ =
(
I +A ξ
0 1
)
with A an n × n strictly upper triangular matrix. In order that γ p = 1, we need
(I +A)p = I , which holds iff Ap = 0. To insure this for all nilpotent matrices A, we shall
assume p > n.
Given a regular subgroup J of Un+1, there exist elements γ1, . . . , γn in J of the form
γi =
(
I +Ai εi
0 1
)
for i = 1, . . . , n, where the matrices Ai are n× n strictly upper triangular and satisfy
AiAj = AjAi and Aiεj = Ajεi
for all i, j .
Proposition 3.2. Let γ1, γ2, . . . , γn in Un+1 be as above, with Ai strictly upper triangular
with AiAj = AjAi and Aiεj = Ajεi , and let Γ = 〈γ1, . . . , γn〉 ⊆ J . If G ∼= (Z/pZ)n
with generators σ1, . . . , σn, then there is an isomorphism α :G → Γ sending σi to γi for
i = 1, . . . , n. Hence Γ = J .
Proof. To show that there is a well-defined homomorphism α :G → Γ sending σi to γi
for all i , we need that γiγj = γjγi and γ pi = 1 for all i, j .
The conditions Aiεj = Ajεi and AiAj = AjAi imply that γiγj = γjγi for all i, j . One
sees easily that
γmi =
(
(I +Ai)m ∑mk=1 (mk )Ak−1i εi
0 1
)
,
hence
γ
p
i =
(
(I +Ai)p Ap−1i εi
0 1
)
=
(
I 0
0 1
)
= 1
and α is well-defined from G to Γ .
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ei < p for i = 1, . . . , n, then all ei = 0.
To see this, let Er = 〈ε1, . . . , εr〉. Consider the element γ err δ with δ ∈ 〈γ1, . . . , γr−1〉,
then
γ err =
(
I +A′ erεr + λ
0 1
)
=
(
I +A′ τ
0 1
)
with A′ nilpotent in Un and λ in Er−1, hence τ in Er . If
η =
(
I +A′ ξ ′
0 1
)
with ξ ′ ∈ Er , and
θ =
(
I +A ξ
0 1
)
with ξ ∈ Es with r  s, then
θη =
(
(I +A)(I +A′) ξ +Aξ ′ + ξ ′
0 1
)
and ξ + Aξ ′ + ξ ′ is in Es . Hence δ =
(
I+B κ
0 1
)
with κ in Er−1 and B strictly upper trian-
gular, and so
γ err δ =
(
(I +A′)(I +B) erεr + λ+ κ +A′κ
0 1
)
and λ+κ +A′κ is in Er−1. Hence γ err δ = 1 implies er = 0. That completes the proof. 
4. Regular subgroups of Un+1 and formal groups
We now show that equivalence classes of regular subgroups of Un+1 correspond to
certain linear isomorphism classes of polynomial formal groups, in such a way that if F
corresponds to J , then the group structure on Fnp given by ∗J , that is, induced from J
by π1, is the same as that defined by +F .
In J we have
γr =
(
I +Ar εr
0 1
)
with Ar strictly upper triangular and Anr = 0. Hence γiγj = γjγi iff(
I +Ai εi
0 1
)(
I +Aj εj
0 1
)
=
(
I +Aj εj
0 1
)(
I +Ai εi
0 1
)
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AiAj = AjAi and Aiεj = Ajεi.
Thus we may define a vector of degree 2 polynomials with coefficients in Fp by
Fβ(x, y) = F(x, y) = x + y +
n∑
i=1
Aixyi.
Then F(x,0) = x,F (0, y) = y. We also have
F(x, y) = F(y, x)
iff
n∑
i=1
Aixyi =
n∑
i=1
Aiyxi;
setting y = εj , x = εi yields Aiεj = Ajεi , and conversely (cf. [10, Section 1]). Also,
F
(
F(x, y), z
)= F (x,F (y, z))
iff AiAj = AjAi , by the proof of [10, Proposition 1.2]. Thus the regular subgroup J yields
a dimension n polynomial formal group F = FJ .
Conversely, suppose given a polynomial formal group with structure matrices A1, . . . ,
An that are strictly upper triangular and n < p. Set
γi =
(
I +Ai εi
0 1
)
for i = 1, . . . , n. Then γi ∈ Un+1 ⊂ Hol(G) ⊂ GLn+1(Fp) and Proposition 3.2 implies that
J = 〈γ1, . . . , γn〉 is a regular subgroup of Hol(G) ⊂ Un+1.
Proposition 4.1. Let J be a regular subgroup of Hol(G) ⊂ Un+1. Let
γi =
(
I +Ai εi
0 1
)
be the elements of J with π1(γi) = εi for 1 i  n, with Ai strictly upper triangular. Let
F(x, y) = x+y+∑ni=1 Aixyi be the corresponding formal group. Then for all ξ, η in Fnp ,
ξ +F η = ξ ∗J η, and so π1 yields an isomorphism from J to (Fnp,+F ).
Proof. Both ∗J and +F yield abelian group structures on Fnp , and by Proposition 3.2,
ε1, . . . , εn generate π1(J ) = (Fnp,∗β). If we show that
π1(γr ) ∗J π1(δ) = π1(γr )+ π1(δ)F
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π1(γr1) ∗J · · · ∗J π1(γrk ) ∗J π1(δ) = π1(γr1)+F · · · +F π1(γrk )+F π1(δ)
for all r1, . . . , rk, δ. Then if γ = γ1 · · · · · γr in G, we have
π1(γ ) ∗J π1(δ) = π1(γ1) ∗J · · · ∗J π1(γr) ∗J π1(δ)
= π1(γ1)+F · · · +F π1(γr )+F π1(δ)
= π1(γ )+F π1(δ)
for all γ, δ in G, and so ∗J will be the same as +F .
Now π1(γr) = εr , so
γrδ =
(
I +Ar εr
0 1
)(
π2(δ) π1(δ)
0 1
)
=
(
(I +Ar)π2(δ) π1(δ)+ εr +Arπ1(δ)
0 1
)
and
εr +F π1(δ) = F(π1(δ), εr ) = π1(δ) + εr +
n∑
i=1
Aiπ1(δ)(εr)i
= π1(δ)+ εr +Arπ1(δ).
Hence
π1(π) ∗J π1(δ) = π1(δ)+ εr +Arπ1(δ) = εr +F π1(δ)
= π1(γr )+F π1(δ),
as we wished to show. 
Corollary 4.2. If β :G → Hol(G) is a regular embedding, then β1 :G → (Fnp,+F ) is an
isomorphism.
Now we consider equivalence. Two regular subgroups J,J ′ are equivalent if there ex-
ists P in Aut(G) ≡ GLn(Fp) so that J ′ = PJP−1, hence, for γ ∈ J ,(
P 0
0 1
)(
π2(γ ) π1(γ )
0 1
)(
P−1 0
0 1
)
=
(
Pπ2(γ )P−1 Pπ1(γ )
0 1
)
is in J ′. If we set π1(J ) = (π1(J ),∗J ), then P : Fnp → Fnp yields a homomorphism
P :π1(J ) → π1(J ′),
for
300 L.N. Childs / Journal of Algebra 283 (2005) 292–316P
(
π1(γ ) ∗J π1(δ)
)= P (π1(γ )+ π2(γ )π1(δ))
= P (π1(γ ))+ (Pπ2(γ )P−1)P (π1(δ))
= P (π1(γ )) ∗PJP−1 P (π1(δ)).
Two formal groups F and F ′ are linearly isomorphic if there exists P in GLn(Fp) so
that
F ′(x, y) = P (F (P−1x,P−1y)).
Set (Fnp,+F ) = F(Fp). Then
Px +F ′ Py = P
(
F
(
P−1(P x),P−1(P y)
))= PF(x, y) = P(x +F y)
and so P : Fnp → Fnp yields a homomorphism
P :F(Fp) → F ′(Fp).
Proposition 4.3. Let J,J ′ be regular subgroups. Then J and J ′ are equivalent iff their
corresponding formal groups are linearly isomorphic.
Proof. Let F ′ correspond to J ′ = PJP−1. We show that F ′(x, y) = PF(P−1x,P−1y),
or
PF(x, y) = F ′(P x,Py)
as follows:
F ′(P x,Py) = Px +F ′ Py = Px ∗J ′ Py = P(x ∗J y) = P(x +F y)
= Px +PFP−1 Py) = PFP−1(P x,Py).
Hence
F ′(x, y) = PFP−1(x, y) = PF (P−1x,P−1y)
as we wished to show.
Conversely, if F ′ = PFP−1 and
J =
〈(
Ai εi
0 1
) ∣∣∣∣ i = 1, . . . , n
〉
, J ′ =
〈(
A′i εi
0 1
) ∣∣∣∣ i = 1, . . . , n
〉
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it suffices to show that the operations ∗J ′ and ∗PJP−1 are equal on Fnp. For if they are, then
denoting the structure matrices arising from PJP−1 by B1, . . . ,Bn, so that
PJP−1 =
〈(
Bi εi
0 1
) ∣∣∣∣ i = 1, . . . , n
〉
we have, for all i, j ,
εi +Biεj = εi ∗PJP−1 εj = εi ∗J ′ εj = εi +A′iεj .
But then for all i , Biεj = A′iεj for all j , hence Bi = A′i , hence J ′ = PJP−1.
To show ∗J ′ = ∗PJP−1 , we have ∗J ′ = +F ′ = +PFP−1 , so for all γ, δ ∈ Fnp, letting
γ = P(ξ), δ = P(η), we have
γ ∗J ′ δ = P(ξ) +PFP−1 P(η) = P(ξ +F η) = P(ξ ∗J η)
= P(ξ) ∗PJP−1 P(η) = γ ∗PJP−1 δ.
That completes the proof. 
Putting this all together, we have the following theorem.
Theorem 4.4. If p > n there is a bijection between equivalence classes of regular sub-
groups of Hol(G) ⊂ Un+1 and linear isomorphism classes of commutative dimension n
polynomial degree 2 formal groups whose structure matrices Ai are strictly upper trian-
gular in Un.
The work in [10] focused on dimension n degree 2 polynomial formal groups over the
valuation ring R of a local field K that were generically split, that is, linearly isomorphic
over K to Gnm. Generic splitness is equivalent to F having n degree 1 grouplike elements,
elements σ(x) in R[x] of the form
σ(x) = 1 +
n∑
i=1
θixi
satisfying
σ
(
F(x, y)
)= σ(x)σ (y).
The polynomial formal groups of Theorem 4.4 are at the opposite extreme relative to grou-
plikes:
Proposition 4.5. If F(x, y) = x + y +∑nk=1 Akxyk with Ak = (aki,j ) an n × n nilpotent
matrix with entries in the field K for all k, then F has no degree 1 grouplikes.
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σ(x) = 1 + θ tx = 1 +
n∑
i=1
θixi .
Then σ is grouplike if
σ
(
F(x, y)
)= σ(x)σ (y),
that is,
1 + θ tx + θ ty + θ t
n∑
i=1
Aixyi = 1 + θ t x + θ ty + θ txθ ty,
hence
θ t
n∑
i=1
Aixyi = θ txθ ty.
Fix k and for each j consider the coefficients of xjyk: since
θ tAkxyk =
(
. . . , θ1a
k
1,j + θ2ak2,j + · · · + θnakn,j , . . .
)


x1
...
xj
...
xn

yk
= θ t xθkyk,
we have for all j ,
(
θ1a
k
1,j + θ2ak2,j + · · · + θnakn,j
)
xjyk = θj θkxjyk,
hence
θ tAk = (θ1θk, . . . , θnθk),
which, after applying the transpose map, we can write concisely as
Atkθ = θkθ.
Thus θk is an eigenvalue for Atk . Since Ak is nilpotent, θk = 0. This holds for all k, and so
σ = 1. 
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Our approach to determining the number of regular embeddings of G = Znp into Hol(G)
is to seek equivalence classes of regular subgroups of Hol(G). Having found a regular
subgroup
J =
{(
A v
0 1
) ∣∣∣∣A ∈ Un, v ∈ Fp
}
isomorphic to G with π1(J ) = Fnp, we choose some isomorphism (hence a regular embed-
ding) β0 :G → J . Then we obtain |GL(n,Fp)| regular embeddings β0α as α runs through
GLn(Fp) = Aut(G). Two regular embeddings β0α and β0α′ are equivalent if
C(P)β0α = β0α′,
that is,
β−10 C(P)β0α = α′
for C(P) in the stabilizer of J ,
Sta(J ) =
{
C(P)
∣∣∣∣ P ∈ GLn(Fp), C(P )J =
(
P 0
0 1
)
J
(
P−1 0
0 1
)
= J
}
.
Now
S = {β−10 C(P)β0 ∣∣C(P) ∈ Sta(J )}
is a subgroup of Aut(G), and the equivalence classes of regular embeddings of G into J
are in 1–1 correspondence with the right cosets of S in Aut(G). Hence for a given regu-
lar subgroup J , the number of equivalence classes of regular embeddings of G into J is
|GLn(Fp)|/|Sta(J )|.
6. Known cases
n = 1. We first consider the case n = 1, known since [12]. The only regular subgroup J
of U2 is
J =
{(
1 a
0 1
) ∣∣∣∣ a ∈ Fp
}
.
The stabilizer Sta(J ) is the set of invertible diagonal matrices
(
d 0
0 1
)
, which is isomorphic
to GL1(Fp). Hence there is, up to equivalence, a unique regular embedding of G = Zp into
Hol(G). The embedding β may be chosen so that if G = 〈σ 〉, then
β(σ) =
(
1 1
0 1
)
= I +
(
0 1
0 0
)
.
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F(x, y)= x + y = Ga(x, y).
n = 2. The case n = 2 was determined by Byott [1], see also [2]. We redo it by the
approach here.
Let J be a regular subgroup of U3. Then there exists an element in J of the form
Aa =
(1 a 0
0 1 1
0 0 1
)
.
If a = 0, then after conjugating Aa by
P =
(
q 0 0
0 1 0
0 0 1
)
with qa = 1, if needed, we may assume a = 1.
For a = 0 or 1, any element of the form B =
( 1 b 1
0 1 0
0 0 1
)
that commutes with Aa must have
b = 0. Thus we have two regular subgroups of U3: J0 = 〈A0,B〉 and J1 = 〈A1,B〉.
Now Sta(J0) ∼= GL2(Fp), and so there is up to equivalence a single regular embedding
of G = Z2p to J0. However, one finds that if
(
P 0
0 1
)
conjugates J1 to itself, then P has the
form
P =
(
a2 b
0 a
)
with a = 0. Thus Sta(J1) has order p(p − 1), and so the number of regular embeddings
of G into J1 is∣∣GL2(Fp)∣∣/(p(p − 1))= (p2 − 1)(p2 −p)/p(p − 1) = p2 − 1.
We conclude that the number of regular embeddings of G = Z2p into Hol(G) is 1 +
(p2 − 1) = p2.
Note that since Sta(J0) and Sta(J1) have different orders, J0 and J1 are inequivalent
regular subgroups, so no regular embedding of G into J1 is equivalent to a regular embed-
ding of G into J0.
The group J0 yields nilpotent matrices A1 = A2 = 0, hence the corresponding formal
group is G2a . For J1 we have
F(x, y) = x + y +
(
0 0
0 0
)
xy1 +
(
0 1
0 0
)
xy2,
hence
F1(x, y) = x1 + y1 + x2y2, F2(x, y) = x2 + y2.
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F(x, y) = x + y +
(
0 0
1 0
)
xy1.
In the notation of [8], F corresponds to the matrix
(
0 0 0
1 0 0
)
.
Over Fp , there are four linear isomorphism classes of dimension 2 degree 2 polynomial
formal groups, and the isomorphism classes are characterized by their grouplike elements.
The formal group corresponding to J1 has no grouplike elements over any extension of Fp .
The other three linear isomorphism classes are represented by formal groups with one
grouplike element over Fp , with two over Fp, and with none over Fp but two over the
quadratic extension of Fp : see [8, Corollary 2.4 and Theorem 3.5].
7. G elementary abelian of order p3
Let G = Z3p. Following the strategy outlined above, in this section we find representa-
tives of equivalence classes of regular subgroups J isomorphic to G inside the subgroup U4
of GL4(Fp) consisting of upper triangular 4 × 4 matrices with diagonal entries 1, and
determine the number of equivalence classes of regular embeddings in each of those rep-
resentative regular subgroups. Theorem 4.4 implies that this problem is equivalent to the
determination of the number of linear isomorphism classes of degree 2 dimension 3 com-
mutative polynomial formal groups whose structure matrices are strictly upper triangular.
To see how linear isomorphism affects structure matrices, suppose F and F ′ have di-
mension n and F ′(x, y) = P−1F(Px,Py). Then
PF ′(x, y) = F(Px,Py),
so
P(x + y +A′1xy1 +A′2xy2 + · · · +A′nxyn) = Px + Py +A1Pxw1 + · · · +AnPxwn
where Py = w, and so
wj = pj,1y1 + pj,2y2 + · · · + pj,nyn.
Then
AjPxwj = AjPx(pj,1y1 + pj,2y2 + · · · + pj,nyn)
= pj,1AjPxy1 + pj,2AjPxy2 + · · · + pj,nAjPxyn.
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PA′ixyi =
n∑
j=1
pj,iAjPxyi,
and so
A′i =
n∑
j=1
pj,iP
−1AjP
for i = 1, . . . , n.
Consider, then, a dimension 3 formal group
F(x, y) = x + y +A1xy1 +A2xy2 +A3xy3,
where A1,A2,A3 are strictly upper triangular. If
A3 =
(0 a b
0 0 c
0 0 0
)
,
then A2ε3 = A3ε2, hence
A2 =
(0 d a
0 0 0
0 0 0
)
.
Similarly, the conditions A1ε3 = A3ε1 and A1ε2 = A2ε1 imply that A1 = 0. From the
condition A2A3 = A3A2 we find that cd = 0.
We label the formal group with structure matrices A1,A2,A3 as above by the tuple of
parameters (a, b, c, d) .
We now let the matrix P be an elementary matrix and see how the parameters change
under linear isomorphism by P , using the formulas above on how structure matrices
change under linear isomorphism. We omit the computations, which are entirely routine.
(1) If c = 0, then since d = 0, the matrix P = E1,2(b/c) =
( 1 b/c 0
0 1 0
0 0 1
)
transforms
(a, b, c,0) into (a,0, c,0).
(2) If d = 0 then, since c = 0, the matrix P = E2,3(−a/d) transforms (a, b,0, d) into
(0, b − a2/d,0, d).
Hence we may assume that at most two of a, b, c, d = 0.
Let P = diag(r, s, t). Then
(3) If exactly one of a, b, c, d = 0, then P transforms the non-zero element to 1 by ap-
propriate choices of r, s, t .
(4) P = diag(b, b/a,1) transforms (a, b,0,0) into (1,1,0,0).
(5) P = diag(ca, c,1) transforms (a,0, c,0) into (1,0,1,0).
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(7) If bd = e2 is a square, then P = diag(1,1/e,1) transforms (0,1,0, bd) to (0,1,0,1).
Otherwise, we can transform bd into any non-square in Fp.
If c = 0, then P = E3,2(−1) transforms (a, b,0, d) to (a − b, b,0, d − 2a+ b). Thus
(8) E3,2(−1) transforms (1,1,0,0) to (0,1,0,−1).
(9) E3,2(−1) transforms (1,0,0,0) to (1,0,0,−2), which in turn transforms by (2) to
(0, (p + 1)/2,0,−2) and then by (6) to (0,1,0,−1).
(10) E2,1(−1) transforms (0,1,0,0) to (0,1,1,0), which in turn transforms by (1) to
(0,0,1,0).
(11) P =
( 1 0 0
0 0 1
0 1 0
)
transforms (0,0,0,1) to (0,1,0,0).
We end up with at most five equivalence classes:
(0,0,0,0); (0,1,0,0); (0,1,0,1)
(0,1,0, d), d a non-square; (1,0,1,0).
We now identify the group J corresponding to each possibility. In each case, J =
〈γ1, γ2, γ3〉 with
γi =
(
I +Ai εi
0 1
)
.
When we compute the stabilizer of J , we will find that each stabilizer has a different order.
Hence the five groups J are inequivalent, and the corresponding formal groups are pairwise
not linearly isomorphic.
Case (0,0,0,0). In this case, the group J is the subgroup of U4 generated by γ1, γ2, γ3
with
γ1 =


0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

 , γ2 =


0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0

 , γ3 =


0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0

 .
It is easy to verify that a typical element of J has the form I +M where
M =


0 0 0 k
0 0 0 n
0 0 0 m
0 0 0 0


for m,n, k arbitrary elements of Fp. Then every matrix Q in
(GL3(Fp) 0
0 1
)
stabilizes J . Thus
|GL3(Fp)|/|Sta(J )| = 1 and the group J yields exactly one Hopf Galois structure, namely
the classical one by the Galois group.
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J = {I +M} with
M =


0 nd m k
0 0 0 n
0 0 0 m
0 0 0 0

 ,
where k,m,n are arbitrary elements of Fp. Then any matrix Q that stabilizes J has the
form
Q =


s q r 0
0 t w 0
0 y z 0
0 0 0 1


for some elements s, q, r, t,w,y, z in Fp . If Q(I + M) = (I + M ′)Q for some M ′ of the
form
M ′ =


0 n′d m′ k′
0 0 0 n′
0 0 0 m′
0 0 0 0

 ,
then k′, n′,m′ satisfy
n′ = tn+wm, m′ = yn+ zm, snd = tn′d + ym′,
sm = wn′d + zm′, k′ = sk + qn+ rm.
Thus Q is in the stabilizer of J iff the entries of Q satisfy
s = dw2 + z2 = 0, ds = dt2 + y2, dtw = −yz,
det
((
t w
y z
))
= tz −wy = 0
and q and r can be any elements of Fp .
If d = 0 then the solutions to these last equations are y = 0, z = 0, t = 0, s = z2 and
w,q, r arbitrary, and so ∣∣Sta(J )∣∣= p3(p − 1)2.
If d = 0, then eliminating s (which must be non-zero) in the equations yields
(1) d2w2 + dz2 = dt2 + y2 = 0,
(2) dtw = −yz,
(3) tz −wy = 0.
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from (1). Since q, r are arbitrary and s = dw2, we find
∣∣{Q ∈ Sta(J ) ∣∣ z = 0}∣∣= p2(p − 1)2.
If d = 0 and z = 0, then (2) yields
y2z2 = d2t2w2.
Multiplying (1) by z2 and substituting for y2z2 yields
d2z2w2 + dz4 = dt2z2 + d2t2w2,
hence
(
z2 − t2)(dw2 + z2)= 0.
We cannot have dw2 + z2 = 0 by (1), hence z2 = t2, and so, from (2),
z = t = 0, y = −dw or z = −t = 0, y = dw.
In either case, (3) becomes dw2 + z2 = 0, but w is otherwise unconstrained. To determine
∣∣{Q ∈ Sta(J ) ∣∣ z = 0}∣∣
we consider two cases:
• −1 = e2 is a square in Fp. If d = 1 we have z = 0, t = ±z, w = ±ez, y, s determined,
q, r arbitrary, so
∣∣{Q ∈ Sta(J ) ∣∣ z = 0}∣∣= p2(p − 1)2(p − 2).
If d is a non-square in Fp, then z2 = −dw2 has no solutions, so we have z = 0, t = ±z,
and w arbitrary, y, s determined, q, r arbitrary, so
∣∣{Q ∈ Sta(J ) ∣∣ z = 0}∣∣= p3(p − 1)2.
• −1 is a non-square in Fp. If d = 1 then z2 = −w2 has no solutions, so we have z = 0,
t = ±z, and y, s determined, w,q, r arbitrary, and
∣∣{Q ∈ Sta(J ) ∣∣ z = 0}∣∣= p3(p − 1)2.
If d is a non-square, then −d = e2, so we must constrain w so that z = ±ew. Thus
∣∣{Q ∈ Sta(J ) ∣∣ z = 0}∣∣= p2(p − 1)2(p − 2).
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• In case (0,1,0,0) we have |Sta(J )| = p3(p − 1)2.
• If −1 is a square in Fp , then:
– In case (0,1,0,1),
∣∣Sta(J )∣∣= 2p2(p − 1)+ 2p2(p − 1)(p − 2) = 2p2(p − 1)2.
– In case (0,1,0, d), d a non-square,
∣∣Sta(J )∣∣= 2p2(p − 1)+ 2p3(p − 1) = 2p2(p − 1)(p + 1).
• If −1 is not a square in Fp, then:
– In case (0,1,0,1),
∣∣Sta(J )∣∣= 2p2(p − 1)+ 2p3(p − 1) = 2p2(p − 1)(p + 1).
– In case (0,1,0, d), d a non-square,
∣∣Sta(J )∣∣= 2p2(p − 1)+ 2p2(p − 1)(p − 2) = 2p2(p − 1)2.
Case (1,0,1,0). In this case, the group J is the subgroup of U4 generated by γ3, γ2, γ1
with
γ3 =


0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

 , γ2 =


0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

 , γ1 =


0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

 .
Then a typical element of J has the form I +M where
M =


0 m n k
0 0 m n
0 0 0 m
0 0 0 0


for m,n, k arbitrary elements of Fp . It is routine to verify (or see the next section, below)
that the stabilizer of J consists of matrices Q of the form
Q =


z3 2zw r 0
0 z2 w 0
0 0 z 0
0 0 0 1


with z = 0, and so |Sta(J )| = p2(p − 1).
Based on all these results, we have the following theorem.
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groups of Hol(G), up to equivalence. Thus there are five dimension 3 polynomial formal
groups whose structure matrices are strictly upper triangular, up to linear isomorphism.
Proof. The only thing left to observe is that the regular subgroups with parameters
(0,0,0,0), (0,1,0,0), (0,1,0,1), (0,1,0, d), d a non-square in Fp, and (1,0,1,0) are
inequivalent because their stabilizers have different cardinalities. The corresponding asser-
tion about the formal groups follows from the equivalence of Theorem 4.4. 
The cardinalities of the stabilizers then yields the following theorem.
Theorem 7.2. Let G be elementary abelian of order p3, with p > 3. Then the number of
equivalence classes of regular embeddings of G into Hol(G) is S = p6 + p5 − p2. Thus
if L/K is a Galois extension of fields with Galois group G, then S is the number of Hopf
Galois structures on L/K where the group associated to the Hopf algebra is G.
Proof. We have five equivalence classes of regular subgroups of Hol(G). The number of
equivalence classes of regular embeddings of G into each of the five regular subgroups is
the order of GL3(Fp) divided by the order of the stabilizer of the group. Thus we have
Parameters Order of Sta(J ) Embeddings
(0,0,0,0) (p3 − 1)(p3 − p)(p3 −p2) 1
(0,1,0,0) p3(p − 1)2 (p3 − 1)(p + 1)
J ′ 2p2(p2 − 1) (p3 − 1)p(p − 1)/2
J ′′ 2p2(p − 1)2 (p3 − 1)p(p + 1)/2
(1,0,1,0) p2(p − 1) (p3 − 1)(p3 − p)
where J ′ = (0,1,0,1) and J ′′ = (0,1,0, d), d a non-square, if −1 is a non-square, and
vice versa if −1 is a square in Fp . Hence the total number of equivalence classes of regular
embeddings is the sum of the equivalence classes of regular embeddings into each regular
subgroup, namely
p6 + p5 − p2. 
8. G elementary abelian of order pn
In this section we seek a lower bound on the number of Hopf Galois structures on a
Galois extension with Galois group G an elementary abelian p group of order pn. Thus
we wish to find equivalence classes of regular embeddings of G into Hol(G).
We get a larger number of equivalence classes of regular embeddings of G into Hol(G)
by looking at embeddings into regular subgroups J of Un where the stabilizer of J is small.
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gives the smallest stabilizer is the group that contains the 4 × 4 Jordan block
N =


0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

 .
In this section we extend the case (1,0,1,0) for G of order p3 to obtain a lower bound on
the number of regular embeddings of G = Znp into Hol(G) when p > n.
Let N be the n+ 1 × n+ 1 Jordan block
N =


0 1 . . . 0
...
...
0 0 . . . 1
0 0 . . . 0

 .
Let J be the group of n+ 1 × n+ 1 matrices of the form
I +M = I +
n∑
i=1
aiN
i
for a1, . . . , an in Fp . Then the last columns of the elements of J have the form


an
an−1
...
a1
1

 ,
so J is a regular subgroup of Un+1.
We wish to find the stabilizer of J in
(GLn(Fp) 0
0 1
)
. So we seek invertible n + 1 × n+ 1
matrices Q= (P 00 1 ), P = (pi,j ), with the property that QM = M ′Q where
I +M ′ = I +
n∑
i=1
biN
i .
Since M is a polynomial in N , it suffices that QN = M ′Q.
We first show that if QN = M ′Q, then Q is upper triangular.
The matrix Q has the form
Q=
(
P1 ∗
0 T1
)
,
where P1 = P and T1 = (1) is a 1 × 1 upper triangular matrix.
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Q =
(
Pj ∗
0 Tj
)
,
where Tj is a j × j upper triangular matrix. Now N has the form
N =
(
N ′j ∗
0 Nj
)
,
where Nj is a j × j Jordan block and N ′j = Nn+1−j . Hence
QN =
(
PjN
′
j ∗
0 TjNj
)
.
Also
M ′ = f (N) =
(
f (N ′j ) ∗
0 f (Nj )
)
,
where f (x) is a polynomial in Fp[x] with f (0)= 0, and so
M ′Q=
(
f (N ′j )Pj ∗
0 f (Nj )Tj
)
.
If f (N)Q = QN for all f (x) with f (0) = 0, then
f (N ′j )Pj = PjN ′j .
But if
Pj =

p1,1 . . . p1,r... ...
pr,1 . . . pr,r

 ,
with r = n+ 1 − j , then
PjN
′
j =

0 p1,1 . . . p1,r... ...
0 pr,1 . . . pr,r

 ,
while the last row of f (N ′j )Pj is zero. Hence pr,1 = · · · = pr,r−1 = 0. Thus
Q =
(
Pj+1 ∗
0 T
)
with Tj+1 =
(
pr,r ∗
0 T
)
j+1 j
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triangular.
Theorem 8.1. The group J has a stabilizer of size pn −pn−1 . Hence if p > n there are at
least
|GL(n,Fp)|
pn − pn−1 =
(
pn − 1)(pn −p) . . . (pn − pn−2)
equivalence classes of regular embeddings of G = Znp into Hol(G).
Proof. Let Q = ( P 00 1 ) be in Sta(J ). Elements of J have the form
I +
n∑
i=1
biN
i = I + f (N)
with f (x) = b1x + b2x2 + · · ·+ bnxn, so we need conditions on Q so that QN = f (N)Q
for some f (x) in Fp[x].
Write Q as
Q=


p11 p12 . . . p1,n p1,n+1
0 p2,2 . . . p2,n p2,n+1
0 0 . . . p3,n p3,n+1
...
0 0 . . . pn,n pn,n+1
0 0 . . . 0 1


=
n−1∑
i=0
QiN
i,
where
Qi = diag(p1,i+1,p2,i+2, . . . , pn−i,n,pn+1−i,n+1,0, . . .),
i = 0, . . . , n, and pn+1−i,n+1 = 0 if i > 0, while pn+1,n+1 = 1. Then
QN =
n−1∑
i=0
QiN
i+1
while
NQ =
n−1∑
i=0
NQiN
i
and NQi = Q(1)i N with
Q
(1) = diag(p2,i+2, . . . , pn+1−i,n+1,0, . . . ,0).i
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Q
(k+1)
i =
(
Q
(k)
i
)(1) = diag(pk+2,i+k+2,pk+3,i+k+3, . . .).
Suppose QN = f (N)Q with f (x) = b1x + b2x2 + · · · . Then
f (N)Q =
n−1∑
i=0
(
b1N + b2N2 + · · ·
)
QiN
i =
n−1∑
i=0
(
b1Q
(1)
i N
i+1 + b2Q(2)i Ni+2 + · · ·
)
=
n−1∑
i=0
n∑
j=1
bjQ
(j)
i N
i+j =
n∑
k=1
( ∑
i+j=k, i0, j1
bjQ
(j)
i
)
Nk,
while
QN =
n−1∑
i=0
QiN
i+1 =
n∑
k=1
Qk−1Nk.
The equality QN = f (N)Q then yields conditions on the coefficients b1, . . . , bn of f (x):
for k = 1,
(
Q0 − b1Q(1)0
)
N = 0
and for r  0,
(
Qr+1 − b1Q(1)r+1 − b2Q(2)r − · · · − br+2Q(r+2)0
)
Nr+2 = 0.
The first equation means that
diag(p1,1,p2,2, . . .pn,n) = b1 diag(p2,2, . . . , pn,n,1)
hence
Q0 = diag
(
bn1 , b
n−1
1 , . . . , b1,1
)
.
Suppose all entries of Q0, . . . ,Qr are polynomials in b1, . . . , br+1. Then, since
Qr+1Nr+2 =


0 . . . 0 p1,r+2 . . . 0
...
. . . 0
0 . . . 0 0 . . . pn−(r+1),n
0 . . . 0


contains all the non-zero entries of Qr+1, the equation
(
Qr+1 − b1Q(1) − b2Q(2)r − · · · − br+2Q(r+2)
)
Nr+2 = 0r+1 0
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p1,r+2 − b1p2,r+3 = f1(b1, . . . , br+2),
. . .
pn−1−(r+1),n−1 − b1pn−(r+1),n = fn−1−(r+1)(b1, . . . , br+2),
pn−(r+1),n = fn−(r+1)(b1, . . . , br+2),
where the fj (b1, . . . , br+2) are polynomials in b1, . . . , br+2. Thus all entries of Qr+1 are
polynomials in b1, . . . , br+2. By induction, all entries of Q are polynomials in b1, . . . , bn.
For Q to be invertible, we need b1 = 0, but otherwise any choices of b1, . . . , bn are possi-
ble. Thus we have pn−1(p − 1) choices for Q. 
Corollary 8.2. If p > n there are at least s = (pn − 1)(pn − p) . . . (pn − pn−2) abelian
Hopf Galois structures on a Galois extension L/K with Galois group an elementary
abelian p-group of rank n.
One sees easily by induction on r that(
pn − 1)(pn − p) . . . (pn − pr ) pn(r+1) − pnr+(r+1),
hence s  pn(n−1) − pn(n−1)−1, as asserted in Section 1.
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